We use the Thermodynamic Bethe Ansatz equations for the AdS 5 × S 5 mirror model to derive the five-loop anomalous dimension of the Konishi operator. We show numerically that the corresponding result perfectly agrees with the one recently obtained via the generalized Lüscher formulae. This constitutes an important test of the AdS/CFT TBA system. *
Introduction
The mirror Thermodynamic Bethe Ansatz (TBA) is generalization of the relativistic TBA [1] and offers a tool to determine the spectrum of the AdS 5 × S 5 superstring [2, 3] . Recently there has been interesting progress on its precise formulation and in deriving some consequences of the corresponding spectral equations [4] - [14] . In parallel development the four-loop anomalous dimension of the Konishi operator was obtained [15] by means of the generalized Lüscher formulae [16, 17, 15] 1 and it exhibits a perfect match with a direct field-theoretic computation [28, 29] . More recently, a refined version of the generalized Lüscher formula has been proposed, and applied to the five-loop anomalous dimension of the Konishi operator [30] , ∆ (10) = ∆ (10) asympt + g 10 − 81ζ(3) where g is the coupling constant (string tension) related to the 't Hooft coupling λ through λ = 4π 2 g 2 . This result has been further generalized to all twist two operators by also invoking the reciprocity principle [31] . Although no field-theoretical computation has been done at five loops, those anomalous dimension being continued to the negative values of spin enjoy a quite non-trivial agreement with the constraints imposed by the BFKL equation [32] - [35] .
Having in mind all these developments, it is time to ask whether the proposed TBA spectral equations are in accord with the perturbative findings based on the generalization of Lüscher's approach. As for Konishi at four loops, incorporation of the corresponding result in the TBA framework does not pose any real difficulty because the leading finite-size correction has been built-in when the excited-state TBA is formulated; all the contribution to the anomalous dimension (the energy of the corresponding string state) comes from the main Y Q -functions taken at their asymptotic values [9] , the latter being given by the generalized Lüscher formulae constructed through the infinite-volume scattering data [30] . Also, rapidities u k , k = 1, . . . , N, of the excited string particles forming an N-particle state under consideration are determined by the asymptotic Bethe Ansatz (ABA) equations (also known as the Bethe-Yang equations).
The situations change, however, for the five-loop case. As was argued in [15, 30] , to find the anomalous dimension of Konishi at five loops, one has to compute the correction to the ABA, though still the asymptotic Y Q -functions can be used. The exact Bethe equation determines the shift δu k of particle rapidities
The first term here is a variation of the ABA equations and the term Φ (8) is the leading finite-size correction to the ABA of order g 8 . The formula above should be evaluated at u k = u (2) k , where u (2) k are the one-loop values of the particle rapidities. As soon as δu k are determined, the five-loop correction to the dimension (energy of the corresponding string state) follows from expanding the exact dispersion relation up to the five-loop order, i.e. up to g 10 .
It turns out that the correction Φ (8) derived through analytic continuation of the mirror TBA equation looks rather different from the one derived through Lüscher-type perturbative arguments [30] . The difference occurs due to the fact that the exact Bethe equations involve auxiliary Y-functions which must satisfy a coupled system of the TBA equations. Starting from five loops, the auxiliary Y-functions start to contribute non-trivially to the modification of the ABA.
In this note we find a strong evidence that the results obtained for the Konishi operator from both the TBA and Lüscher approaches are in an excellent agreement at the five-loop level. Fortunately, as discussed above, what we have to do is to show only that the correction to the ABA derived from the TBA agrees with Φ (8) found from Lüscher's approach [30] . This will be done by expanding the TBA equations around the asymptotic solution [9] and by linearizing the exact Bethe equations around the ABA. As we will see, the exact Bethe equations at order g 8 involve a leading correction to a single auxiliary function Y 1|vw , which we will determine from the linearized TBA equations numerically. Then, using this result for Y 1|vw we evaluate numerically the correction to the exact Bethe equations and find that it agrees with Φ (8) of [30] with a sufficiently high precision. It would be important to support this numerical agreement by an analytic proof.
The paper is organized as follows. In the next section we present the linearization of the simplified TBA equations. We use them in section 3 to compute numerically the correction to the exact Bethe equations finding an agreement with the corresponding result in [30] .
Linearizing the TBA system
In the light-cone gauge the string vacuum corresponds to the gauge theory operator trZ J , where Z is one of the three complex scalars of the N = 4 super Yang-Mills theory. In this work we will be interested in the excited states from the sl(2)-sector, the latter comprises the composite operators of the type tr D N Z J , where D is a lightcone derivative. For J = 2 these are operators of twist two spin N. In particular, the operator with J = 2 and N = 2 is the sl(2) descendent of the Konishi operator.
The Thermodynamic Bethe Ansatz approach for the AdS 5 × S 5 mirror model leads to the following expression for the energy of the corresponding N-particle string states
Here J is the angular momentum carried by the string rotating around the equator of S 5 . The integration runs over a real rapidity line of the mirror theory, p Q and Y Q are momenta and Y-functions of the mirror Q-particles. The asymptotic energies of string theory particles with momenta p i are fixed by the dispersion relation [36, 37] 
The function Y Q is exponentially small at large J. Therefore the last term of (2.1) can be regarded as a finite-size correction to the asymptotic spectrum of string energies.
For a fixed J and small g, the Y Q functions become small again. The finite-size corrections provide so-called wrapping corrections to the energy or the anomalous dimension at weak coupling. In particular, for the Konishi operator the finite-size effects make their appearance starting from g 8 that corresponds to the fourth loop order of perturbation theory [15] .
Recall that the large J asymptotic solution of the excited-state TBA equations can correctly reproduce the leading finite-size corrections to the energy. The TBA equations are formulated in terms of the following Y-functions: Y Q -functions associated with Q-particle bound states, auxiliary functions Y Q|vw for Q|vw-strings, Y Q|w for Q|w-strings, and Y ± for y ± -particles [4, 5] .
In what follows it is convenient to use the simplified TBA equations derived in [5, 6, 14] . To determine the leading finite-size correction to the asymptotic form of Y -functions, we linearize the simplified TBA equations by introducing for any Y-function the following representation
where Y o is the corresponding asymptotic expression and Y is treated as the perturbation. The linearized TBA equations will then take the following form
where we have introduced the concise notation
Here we also defined • y-particles
6)
We will not need the equations for Q-particles, because the asymptotic solution for Y Q is already known from the generalized Lüscher's formulas. The equations for Q-particles suggest that the next corrections to Y o Q start from g 16 .
The linearized TBA equations above define the leading, exponential in J correction to the asymptotic Y-functions. However, by further fixing J = 2 we would like to view Y as another source of perturbative correction in g to the asymptotic Y-functions. Therefore it makes sense to expand further the asymptotic Y-functions in the linearized TBA equations in powers of g having in mind that expansion of Y M starts from g 8 . The rapidities u k of the Konishi operator are expanded at small g as
+ O(g 6 ) using the notation of [14] . It is convenient to rescale them as u k → u k /g and do the same u → u/g with the argument u of the 
and we denote by
+ O(g 2 ) the rescaled rapidity of the twoparticle state corresponding to the Konishi operator. Thus, Y Q ⋆ s starts at order g Now we turn our attention to eq.(2.5). The notation⋆ signifies that integration in the corresponding convolution term is over the segment [−2, 2]. Due to the fact that we do not rescale the integration variable in the integrals involving Y ± , the expansion of s in this convolution term starts from g. Moreover, one finds that at the leading order in g:
which is a u-independent quantity. Hence,
and, therefore this term produces higher than the leading g 8 contribution into the equation for Y M |vw .
Analogous consideration can be applied to eq.(2.4) which shows that the correction Y M |w starts from the order g 10 . Thus, at order g 8 we have the following equations to be considered • M|vw-strings: M ≥ 1 , Y 0|vw = 0
(2.11)
where all the TBA kernels are taken at their leading order. In fact, as we will see below, the correction to the asymptotic Bethe-Yang equations involves at order g 8 the functions Y M |vw alone, and therefore, the only equation we have to solve is (2.11). Eq.(2.11) can be equivalently written as
Here we defined a kernel
where
with ρ 
The kernel Ω can be inverted by the power series expansion and computed numerically. This gives rise to a numerical determination of the correction Y 1|vw . Alternatively, eq.(2.13) can be solved by iterations, and it is what we have used.
We studied the following inhomogeneous linear equation 
Correction to the asymptotic Bethe equations
The exact Bethe equations determine the exact (non-asymptotic) positions of the Bethe roots u k . As was shown in [14] , for Konishi-like states and below the first critical point the exact Bethe equations 2 admit the following representation
vwx with one leg on the real rapidity line of the mirror theory and the other one on the real line of string theory are given in [14] . The quantity U appearing in the first line of the exact Bethe equation is defined as
Finally, the kernels is defined as
The second variable of any kernel entering eq. The exact Bethe equations can be written as
Now we would like to apply the same strategy as the one in the TBA equations and find the leading weak coupling correction to the asymptotic value R asympt k = 0. The condition R asympt k = 0 must be satisfied for any g to guarantee the compatibility of the exact Bethe equations with the asymptotic Bethe ansatz. Taking into account that for the Konishi state J = 2 and L = 4, we have checked numerically that this is indeed the case, for arbitrary values of w ≡ u 1 = −u 2 inside the region where only Y 1|vw has two zeroes in the strip |Im v| < 1/g. Thanks to this identity, we can remove the term δw ∂ w U from the corrections to the asymptotic Bethe ansatz.
Next, one can see that the leading weak-coupling correction, which we denote by R k starts at g 8 . It turns out that the last two lines in eq.(3.1) contain the convolution ⋆ which, just as in the case of the TBA equations, will not contribute to the leading order of perturbation theory. Thus, at leading order we have the following shift of the asymptotic Bethe-Yang equations
Here all the kernels are evaluated at g = 0 which provides the leading order contribution. In particular, we have
The convolution of the kernels in the last term of eq.(3.5) can be computed in terms of Digamma functions; for all M ≥ 1 we find
Further, one needs Ims = p.v. . Finally, the leading contribution of the imaginary part of the dressing kernel in the mirror-string region is given by
The Φ and Ψ functions which appear in the definition of the dressing phase kernel [40] , do not contribute at this order, because they can be written as integrals over the interval u ∈ [−2g, 2g] after the rescaling of rapidities. Combining now everything together, we read off the necessary correction
In [30] the leading correction to the asymptotic Bethe-Yang equations was denoted by Φ (8) . Comparison of our definitions with that of [30] shows that the agreement between the Lüscher and the TBA approaches relies on the fulfillment of the following equality
= −u 2 is the one-loop rapidity for the two-particle state corresponding to the Konishi operator.
According to [30] , the quantity Φ (8) was found to be
Apparently, formulae eqs.(3.9) and (3.11) look rather different, only the first line in eq.(3.9), which is due to the contribution of the dressing kernel, cancels in the sum with the first term in eq.(3.11).
Plugging in eq.(3.9) the representation (2.16) specified for Y 1|vw , we see that the last two lines in (3.9) never involve Y 1|vw defined in (2.17). Performing numerical evaluation of the corresponding quantities, we summarized the results in Table 1 for M = 2, . . . , 6. 
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The table describes a numerical comparison between δR 1 and −Φ (8) (u 1 ). In the column "TBA" the results for the contributions to δR 1 produced by individual Y M 's are presented for M = 2, . . . , 6. Analogously, the column "Lüscher" represents the same quantities but for −Φ (8) (u 1 ). The contributions of the first line in (3.9) and the first term in (3.11) are not included in the table. The other two columns give the absolute and relative estimates for the difference between the TBA and Lüscher approaches.
Albeit looking different, the individual Y M -contributions show a good agreement between δR k and −Φ (8) . Increasing M the precision tends to decrease, but this is because the contributions corresponding to higher M become rather small and their evaluation requires more time.
We conclude this paper with an observation to be understood in future. On the one hand, the expression (3.11) can be concisely written as 12) by using (2.9). Here the level-matching condition is imposed before the differentiation. The right hand side involves the derivative of the transfer matrix, and looks similar to the known result for the O(4) model [41] . On the other hand, the generalized Lüscher formula proposed in [30] involves the trace of the derivative of the S-matrix with respect to the mirror rapidity u. The two quantities coincide for the present problem of Konishi at five loops, but must be distinguished in the general situation. 
